This work is an extension of the authors' published work on a planar four-bar motion generation search algorithm with Grashof, transmission angle and linkage perimeter conditions [1] . This latest work considers planar four-bar path generation with a coupler point load, crank static torque, crank transverse deflection and follower buckling in a modified search algorithm. As demonstrated in the example, a conventional methodology used in kinematic path generation has been expanded to consider static loading, elastic deflection and buckling in path generation. These factors must be considered in mechanical design, but are not the focus in traditional kinematic synthesis.
INTRODUCTION 1.Published Works in Synthesis for Rigid-Body Guidance
The synthesis of planar four-bar mechanisms for rigid-body guidance is a well-established field. Recent contributions include the work of Martin et al. [1] . These authors presented a search and selection algorithm to down-select planar four-bar path generators with respect to Grashof conditions, transmission angle conditions and mechanism perimeter conditions. Yao and Angeles [2] applied the contour method in the approximate synthesis of planar linkages for rigid-body guidance. By deriving a set of two bivariate polynomial equations and plotting these equations, the real solution to the optimizations (corresponding to the intersections of the contour plots) is determined. Hong and Erdman [3] presented a method that is applicable for the synthesis of adjustable four-bar planar and spherical mechanisms. Their work shows that nonadjustable mechanism solutions are special cases of adjustable mechanism solutions. Zhou and Cheung [4] introduced an optimal synthesis method for adjustable four-bar motion generators. A modified genetic algorithm is used to seek the global optimal solution of an equation set that includes constraints for fixed pivot positions, no branch defect, crank existence and link length ratios. Al-Widyan et al. [5] considered the robust synthesis of planar four-bar linkages for motion generation. Danieli et al. [6] applied Burmester theory in the design of planar four-bar motion generators to reproduce tibia-femur relative motion. Goehler et al. [7] applied parameterized T 1 motion theory to the synthesis of planar four-bar motion generators. This T 1 motion theory is general and not limited to the second order parameterization that is associated with prior development of T 1 motion theory. Caracciolo and Trevisani [8] considered rigid-body motion control of flexible four-bar linkages. In their work, a discrete finite element model of the four-bar mechanism accounts for geometric and inertial nonlinearities. Zhixing et al. [9] presented a guidance-line rotation method for rigid-body guidance for the synthesis of planar four-bar mechanisms. The method effectively solves the rigid-body guidance synthesis problem for crank-rocker mechanisms, double-rocker mechanisms and double-crank mechanisms for four rigid-body positions and beyond. Lin and Modler [10] presented a method to avoid branch defects, order defects and ensure link rotatability in threepoint path generation. The method considers (but is not limited to) planar four-bar mechanisms.
Although planar motion and path generation are well-established fields, the concept of including static structural conditions in rigid-body guidance is not nearly as established. With the exception of Huang and Roth [11] whose work includes analytical motion generation models for planar four-bar mechanisms with a prescribed coupler load, most other works that investigate the structural behavior of a classical planar four-bar mechanism under load do not consider the structural behavior in the context of motion or path generation. The works of Dado [12] , Venanzi et al. [13] , Sö nmez [14] , Plaut et al. [15] and Siriam and Mruthyunjaya [16] do consider flexible links and/or buckling in mechanism design, but they consider the design of compliant mechanisms as opposed to classical planar four-bar mechanisms.
Scope of Work
A coupler load can have a negative effect in path generation since any resulting link deflections can compromise the accuracy of the precision points achieved by the mechanism. This work presents a nonlinear optimization problem and improved search algorithm to synthesize planar four-bar path generators with constraints for static loading and link elasticity. The specific constraints included consider static torque of the crank, transverse deflection of the crank and buckling of the follower.
PLANAR FOUR-BAR PATH GENERATION
The objective in planar four-bar path generation is to calculate the mechanism dimensions required to achieve or approximate a set of prescribed coupler path points. Figure 1a includes five prescribed coupler path points defined by the x and y-coordinates of the coupler point variable p and the coupler displacement angle variable a 1i . Figure 1b includes the mechanism fixed pivot variables a 0 and b 0 and moving pivot variables a 1 and b 1 . The X and Y-coordinates of the fixed and moving pivot variables are the mechanism dimensions to be calculated in path generation.
The planar four-bar path generation model presented by Suh and Radcliffe [17] is expressed as
where 
Equation (1) and (2) ensure the constant lengths of the crank and follower links. Equation (3) is a planar coupler displacement matrix. In Equation (3) variables p 1 and p i denote a coupler path point in the starting and displaced locations respectively and variable a 1i denotes the coupler angular displacement from orientation 1 to orientation i. Because coupler point accuracy is the focus in path generation, the accuracy of the orientation angles approximated by the synthesized mechanism is not critical. Figure 2 illustrates a statically-loaded planar four-bar mechanism. A load (vector F) is applied to the coupler link at p. To achieve static equilibrium under the coupler load F, the rotational degree of freedom of the crank fixed pivot (pivot a 0 ) is constrained. By constraining the rotational degree of freedom of a 0 , this end of link a 0 a 1 ! becomes a fixed end (as indicated by the ground fixed end symbol in Figure 2 ). An analytical model to calculate the deflections (vector U) at any element node on this mechanism is formulated using
PLANAR FOUR-BAR MECHANISM UNDER A COUPLER LOAD
where the 15x15 global stiffness matrix K global Â Ã for the mechanism is comprised of
-the element stiffness matrix for each mechanism link. In this model, the crank (link a 0 a 1 ! ) and coupler (link a 1 p ! and pb 1 ! ) are represented by beam elements. Beam elements support X and Ydeflections and Z-rotations [18] . The follower (link b 0 b 1 ! ) is represented by a truss member.
Truss members support columnar deflections only [19] . The element stiffness matrix for the crank and coupler is 
Because the follower is a two-force member (and therefore under columnar loading only) its element stiffness matrix is The element local-to-global coordinate frame transformation matrix is 
Vector U includes the global X and Y-deflections and Z rotations for a 0 , a 1 , p 1 , b 1 and b 0 ( Figure 2 ). Because there are no global X or Y-displacements for the fixed pivots or global Zrotations for the crank fixed pivot, these components are set to zero (a 0x 5a 0y 5a 0h 5b 0x 5 b 0y 50). The remaining component variables are calculated from the analytical four-bar mechanism deflection model. In Figure 2 variables E j , A j , I j and L j (where j51,2,3,4) are the modulus of elasticity, crosssectional area, moment of inertia and length of each link respectively. Because the coupler is to be a member that is uniformly rigid in this work, E 2 5E 3 , A 2 5A 3 , I 2 5I 3 and its modulus of elasticity will be prescribed substantially higher (in this work, one million times higher) than those of the crank and follower. The angular orientation of each link (using the positive X-axis as reference) is denoted by angle h j (where j51,2,3,4). These angles are used in Equation (8) .
Equation (6) is the general stiffness matrix for beam and frame elements [18] . Each element has two nodes with three degrees of freedom per node. The first row and column in Equation (6) correspond to the longitudinal displacements of both element nodes relative to the local element coordinate system (Figure 2 ). The second and third rows and columns correspond to the lateral displacements and rotations of both element nodes respectively. As nodal constraints are imposed, the general stiffness matrix includes more zero cells. For example, because the follower link of the mechanism as constrained in Figure 2 undergoes columnar loading only, its stiffness matrix (Equation (7)) only allows longitudinal displacements.
STATIC TORQUE CONSTRAINT OF THE CRANK LINK
With an external load F acting on the coupler of the planar four-bar mechanism, a driving link torque T achieves static equilibrium. In Figure 3a , the load F is applied at the arbitrary coupler point p. To formulate the crank link static torque constraint, the moment condition SM50 is considered about the fixed pivot a 0 . As illustrated in Figure 3b , the fixed pivot reaction loads R a 0 and R b 0 are also considered in the moment condition. The resulting equilibrium equation of the moments about the fixed pivot a 0 is
where
and the reaction load R b is a real number that varies with the mechanism crank position. By expanding the vectors a 0 b 0 ! and a 0 p ! , Equation (9) becomes Because link b 0 b 1 is a two-force member, vectors R b 0 and b 0 b 1 ! are collinear and subsequently result in a zero cross product. As a result Equation (11) is simplified as
Next, the moment condition SM50 is considered about the moving pivot a 1 considering all of the links and joints to the right of a 1 . As illustrated in Figure 3c , the fixed pivot reaction loads R a 1 and R b 0 are also considered in the moment condition. The resulting equilibrium equation of the moments about the moving pivot a 1 is
Substituting Equation (13) into Equation (12) produces
Substituting Equation (10) into Equation (13) and (14) produces
and
Combining Equation (15) and (16) produces
½ b 1 {b 0 ; and
are the third elements of the corresponding vectors. Equation (17) calculates the four-bar mechanism crank static torque for a given coupler load. Expressing Equation (17) as an inequality constraint to limit the maximum crank static torque for N prescribed coupler path points yields
Equation (18) is the four-bar path generator static torque constraint for the crank link. 
FOLLOWER BUCKLING AND CRANK ELASTIC DEFLECTION CONSTRAINTS
As previously noted, the follower link is under columnar loading only because it is a two-force member. The Euler formula for critical buckling load for a column with pinned ends [18] is
Johnson's critical buckling load formula [18] for the same system is
where variables E, I and L are the modulus of elasticity, moment of inertia and effective column length respectively. In Equation (20) variables A and s y are the column cross-section area and material yield stress respectively. Solving for the columnar load in the follower link (R b ) from Equation (15) yields
Expressing Equation (2) as an inequality constraint to prevent follower buckling for N prescribed coupler path points yields
where the right-side quantity in this inequality is derived from Equation (19) . Being a constant length constraint, Equation (22) does not calculate the follower buckling load. This equation prevents follower from reaching a buckling length when under the follower columnar load R b . Unlike the follower, the crank link is not a two-force member. As shown in Figure 2 , the crank link is a fixed-end cantilevered beam under a transverse load that varies with crank position. The static torque applied to the crank at a 0 (Figure 3a and 3b) and the crank reaction load at a 1 due to F (Figure 3c ) result in the transversely-loaded, cantilevered beam state of the crank. Because the constraint and loading conditions on the crank link make crank deflection a common occurrence, constraining the deflection of the crank is the primary concern. In this work, the buckling of link a 0 a 1 ! is not explicitly considered because the link stiffness required to limit transverse deflection is generally sufficient in avoiding link buckling (especially as the specified maximum transverse deflection becomes smaller). The Euler formula for the deflection of a fixed-end cantilevered beam [18] is
where variables P, L, E and I are the free-end transverse load, beam length, modulus of elasticity and moment of inertia respectively. From Equation (17) , the total load on the moving pivot of the crank link (a 1 ) is
The transverse component of the crank load is
Expressing Equation (1) as an inequality constraint to limit crank deflection for N prescribed coupler path points yields
i~1, 2, 3, ::: , N
where the right-side quantity in this inequality is derived from Equation.
(22).
MODELING CONDITIONS AND ASSUMPTIONS
Because the mechanism of focus in this work is the planar four-bar mechanism only in-plane deflections are considered in the four-bar mechanism deflection model, crank deflection constraint and follower buckling constraint. The coupler link is assumed to be exceedingly more structurally sound than the crank and follower links, and as a result, is assumed to be a nondeforming or ''rigid'' member. When specifying a modulus of elasticity for the coupler link in the four-bar mechanism deflection model (Section 3), it is prescribed a value that is 1 million times higher that the modulus for the crank and follower to make its members virtually nondeforming. Also, this work only considers a force at a single coupler point. Because the system is static and the coupler point load is assumed to exceed the link body forces, these forces are neglected (massless links assumed).
PATH GENERATION NONLINEAR OPTIMIZATION PROBLEM
Formulating Equation (1) and (2) into a single objective function (that accommodates an indefinite number of N prescribed coupler path points) to be minimized yields
where X~a 0x , a 0y , a 1x , a 1y , b 0x , b 0y , b 1x , b 1y À Á T . Equation (27) and inequality constraints (18), (22) and (26) constitute a nonlinear optimization problem from which mechanism solutions that approximate the prescribed coupler path points and satisfy the crank torque, crank deflection and follower buckling conditions are calculated.
The algorithm employed for solving this nonlinear optimization problem is SQP (Sequential Quadratic Programming). This algorithm uses the Quasi-Newton approach to solve its QP (Quadratic Programming) subproblem and a line search approach to determine iteration step. The merit function used by Han [20] and Powell [21] is used in the following form:
where g k X ð Þ represents each inequality constraint, m e is the total number of equality constraints (m e 5 0 in this work), m is the total number of inequality constraints when m e 5 0 and the penalty parameter is
The value of r for successive minimizations can be found as
where IR51 at the start and is incremented by 1 after each successive suboptimum is found. The factor FAC can be set arbitrarily although FAC510 is suggested for normal use [17] . In Equation (30) l is the iteration index for calculating the penalty parameter r k for each inequality constraint (l50, 1, 2, 3,…). The Lagrange multiplier, which is the rate of the change of the objective function being optimized with respect to the constraint variables, is
After specifying initial guesses for the unknown variables in the optimization problem (X), the following SQP steps were employed to calculate the unknown variables:
1. calculate l k and (r l+1 ) k , (where l50 and k51…m) 2. solve Equation (28) using Quasi-Newton method 3. calculate (r l+1 ) k using Equation (29) (where l5l+1 and k51…m) 4. repeat step 2 with newly-calculated r k
Steps 2 through 4 constitute a loop that is repeated until the penalty term in Equation (28),
, is less than a specified penalty term residual e (which is 0.001 for the example in this work). Modeling the prescribed coupler path points and concept mechanisms via CAD software could enable one to specify initial guesses for the unknown mechanism more judiciously than by arbitrary guessing. This approach could improve the SQP programming results since SQP Programming does not guarantee global optimization.
PATH GENERATOR SELECTION ALGORITHM
Martin et al. [1] presented a selection algorithm for planar four-bar motion generators that considers Grashof conditions, transmission angles and mechanism perimeters. The algorithm input are the fixed and moving pivot solutions calculated for a set of prescribed coupler path points. The algorithm down-selects mechanism solutions according to the specified Grashof mechanism type, transmission angle range and mechanism perimeter condition.
In its original form, the algorithm presented by Martin et al. [1] requires a single fixed pivot locus and a single moving pivot locus as input. The optimization problem on the other hand calculates four loci (one locus each for a 0 a 1 , b 0 and b 1 ). When a continuous fixed pivot locus and moving pivot locus are read into the macro codified under the original algorithm, a combination of valid and invalid mechanism solutions are produced. A filter loop (block 3 in Figure 4 ) will exclude the invalid solutions prior to the mechanism perimeter loop (block 4 in Figure 4 ). The filter loop codified in MathCAD is included in the Appendix. The user should insert the filter loop immediately after the Grashof criteria loop as shown in Figure 4 to update the original selection algorithm code. Table 1 perimeter condition). Table 2 includes the resulting static torque and deflection of the crank link as well as the resulting follower link columnar loads. The follower buckling load is 6512N.
PATH GENERATION EXAMPLE
As noted in Section 5, the link stiffness required to limit transverse deflection for link a 0 a 1 ! is generally sufficient in avoiding buckling. The calculated buckling load for link a 0 a 1 ! is over 4MN-far exceeding the applied coupler load. Because the crank and follower links are elastic, the deflections of these links compromise the accuracy of the coupler path points achieved by the synthesized mechanism. Table 1 includes the coupler path points and orientation angles calculated from the mechanism deflection model in Section 3. Because coupler point accuracy is the focus in path generation, the accuracy of the orientation angles approximated by the synthesized mechanism is not critical. Figure 8 As a comparison between the structural integrity of a path generator calculated using the nonlinear optimization problem and a path generator calculated using Equation (1) and (2) alone, a solution was calculated using the latter model. A prescribed value of a 0x 50, the first four coupler precision points in Table 1 . Because the conventional model includes no constraints for buckling and deflection, the calculated four-bar mechanism solution has a follower scalar length of 0.152908m which is substantially longer than the follower from the optimization problem solution and much more susceptible to buckling (2131N vs. 6512N in the optimization problem). In addition, the conventional model does not ensure full link rotatibility or feasible transmission angles. Although it is possible to calculate a kinematically and structurally sound mechanism solution from the convention method by trial and error, the nonlinear optimization problem produces solutions that are kinematically and structurally sound specifically. 
DISCUSSION
In the example problem, the authors prescribed 8 coupler path points. Because the nonlinear optimization problem formulated in this work can theoretically accommodate an indefinite number of precision points, the user is not limited to 8 points. Equation (17) becomes invalid when the pivots a 1 , b 1 and b 0 are collinear because when collinear, the denominator in Equation (17) becomes zero. Such a state is possible when the four-bar mechanism reaches a ''lock-up'' or binding position. The mathematical analysis software MathCAD was used to codify and solve the formulated nonlinear optimization problem. The cross-sectional area of the follower link, its slenderness ratio and the column constant determine whether Euler's or Johnson's buckling formula (Equation (19) and (20) respectively) is used. By substituting Euler's buckling formula with Johnson's critical buckling load formula, Equation (22) could be reformulated to consider the latter buckling condition.
CONCLUSION
Although the assumption of link rigidity in kinematic synthesis may be generally appropriate and often practiced, a mechanism under a coupler load will undergo a degree of elastic deflection-particularly the crank and follower links. Excessive crank deflection and follower buckling can compromise the accuracy of the precision points approximated and should be considered in path generation where coupler loads exist. This work demonstrates the synthesis of a planar four-bar path generator with respect to the following conditions: N Grashof conditions, transmission angle ranges and mechanism perimeter conditions N Crank static torque condition N Crank elastic deflection and follower buckling conditions.
